BPyoncl Solo vary ~ Kitaev

S /hnee geote epproximation produces lone ivryts
with many T gates, Optimizing Single §4bit oate

@ poroximatiorns in Cl,{ford+T i fund
in circart (‘aM'P“a'th > is @ furdamental P’Db,PM

e produeS a eircurt
For many yeors, the best-known ConsStrvct Ve melhed

(Dawson & Niolsen 2007) gave €73 for §H, T3, An
nEoymetion=Theorelic lower bound of 3loag (€)
5u99p3./~ betlter weS pOQS’/'b’-P Sut wasSht met until
1he Number theoredic method was davptpped in
Qoi3-apo1Y, To this doy, £or €H, TS 4he bes+

icnow h (pure Circdrt) @{90’/"/'ﬁn 'S _EQS_S_&E'CL’_);‘_’{_(-?W{)‘;

Gr,'d— Syn‘f/\ which proddres a'oprox/rnaf.b’lf of longth
3log (e) + O(log log &)

1 € measurenent s ollowed, +he PO F method of
Bg(‘f\algv.%PDP'f“f’/Pr L Swre (2015 reduces this 1o
an expeCted length

log (Ve) +Ollog log Ye)

Solotmy- kitar Nunbsrthoorptic
| -rhe:.r«'m proPn 90‘0’3' (ha'?dsz:o'?: PRF '
— T ' J t s !
(995 Sole qu- Kidaey 01 Vew GPP’oXima‘/}oh
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Chavacteris ot jon



Tl\ e Number- Vheoretic Met hal

T/'\ e Number -theoretic method whiCh has reSubed
in +he 'oral ieration oF Sirgle-gubit- approximation *lgor ;thas
over CliF€ OVo’-lT, other gatp SetS., hew lefficiont) sdte
Seis, ond @ deeper understarding of Circuit groups,

combineS +wo parits:
onStrvciive .
0 A§AO,¢f+p,:,'z¢+;on of circuds over e gate Set

(o o5 unl+aries Over on (algoraic number) ring
@ Approximation o unidaries by “rounding ofF*? into
the ring R
We will cover the first part ia depth, Qnd Sheichr g
mothod For Pa/‘/' 2

I/\ ". (Gile.s'SPlingpr)
L et Z C;ﬁ yﬁj = {.5':, (a-u'b +(c+ "d)vﬁ),hPM., 0,5«‘»«"’23,

A— th.’)n un/"/'ary matrix U con be fMp’toMon+.pQ/ as
2 (,,’P.‘b,d-f T (irr’uhl—,) PDSS‘:'.b'y with OIY'I'”OS'? l"-F and

only i ¥ (U €M¢¢q" (Z C‘v"\’-’cj): That is, v

has all entries contained ik Zﬁi.,‘/\/;].

( historical context)
The Giles-Selinger 1heorem wves £issy poven in the
-4 ubrt CasSe gnd (bn}?(‘hlfc’«l 4o hold for n-gubrts bi/

K liuchnihovn Maslor, Q Moscqg (2012, @rX.v:1206.5 236).
The Giles-5Selinger pf"st'n‘/’a'f{on (2013, qrXiv:112.0504)
is much Cleaner hovewr S0 we follow i+



Aloebra

(RI‘AQS)
A’ ffh\g R= (51 r, ‘) 8 ng S %U"prc\/ vith bl'hqry
mratorS t., ° Such thet
(g1p)rc = a+(b+ O

atb =6+4 +) i
q+0 = 4d (5.4 is @ g/04p
q+(a)=9

(o:b) C =@ (e°Cd) (5 .) is a mohoid
ol =q°<le @

q:(bre) =eba c} e dists7butes ovor +
(b+0)°@ =be+(Aa

E x.
The following @’ r.ngs:

Z (+he intogars)
R (re=l numbers)
Q ( rationeal numbes)

ZQ - ({01,37 ®., ) i.@. @ddition 2 mult MoolQ
Z, = (§0,-14-R, atbmed ny @b mocin)

= rPodas adl @ ~+
D = (5% apeZi, +79 “

RDyadi(‘ fractons like '{77 ?0337 l7,’ ’/6‘1

( Ring extonsions)

ROUg’\/y 5,004/(:"'37 €or aving R and %4 f[é" KCO(J
Je notes 3he ring obtaintd by fadding x to R

Ex The following are rirs extersioss

ZCve1= D (notetrat ko€ Z0a], o 'o0% EZL4D)
Z['.';'(BJ :ZE;JD/J’SJ

DCWJ = {awy,,, buR+rcw+d | w:e'.w‘(" 0,5,0,d €]D§



U m'*'ar;as over rin 9 S

Fd (,+ Ch‘(\‘fard* T
Any c ircart over §H, (’AIDT., T3 CorregpordSto e dnitary

with Pntries ih thé Fih9 ZCMVSJ. T n pacticular,
w=i0-], Cror=[g2], T=[3 2]

2
00.6

Mote that w_’_(."V!/-_-; %'.-, So PecCh gate is o ani-a

over Z[in"vsj. Since Z[i,'i=] is @ ring, muthphin
twe matrices over WA PR N procuces @ mat//n OVor

2Z0i,=]

ND‘?
-4 / 7 ) ‘ W"W’!-—-L

Since W="yz -
So i1 ollons +hat Z 1] = D[w] whch

IS mosP Conven'ent to worh with,

wWe have onedirertion of 44 e proof with th? above fact,
To prove the ofher Jire tion, ve want o precedure

(Pxact synthesis slgorithm) that tattes ounMHary
over DEWJ ard prodaces a C ireard over ClifCord+T,

the besic ideq (S the Seme as CNOT +
Single gudi un/tary _sym%psis: use
two-level matrices +o reduce oné

Column v +p "')j 0+ atime
5



Exact syntnesis

Tr CNoT+ sirgle g «bt Synthesis, Wé had access +o any
+wo-level notriX whiCh Could Lo used 40 MaP

u
u, ; (
[“a] [OJ
T h Clifford *T v\/e On/( have { moves:
a"""ﬂ
(V) u,
M = [Lu,,]
T/‘? 2ame is 1o aldernete botween fD‘l'afmj +hre
hases OF rows end t4pn adding rows of Sinvllay

magntudes so that we Can hopefully 2600 1hom out-
({hink 204 8.

Ex AN

= w
column U= | vz L %
(o) V X L -IP
Peir Up

{
Toset u-—é[é

3¢ rows Pirst since they rave 140 Same magn Tueles

] e in‘IuHiw’ly need o sum the 2

aad

Howe Ve’ 4w 7O
| ~w #O

S we €irst need +o rotfote thér reletive phases.

(~4

We uSe powers o-Pié— (Hhe lde) +o 9,,;:4.4 pairing

090~

(o)



D enomin 4"'0/ PXP onents

'S

Doty

ZC‘JJ z {dw5+bw'?+('u/~rd Id,b,(‘.,d €Z3
s tho ring oF integers of [Dfw]

E x.
The following ere elements of Z L w]:
2= -w’+w w4 =-I
( = W™ lav":l»\/‘;-""‘ﬂ/3

However . Yrs %ZC“’J

Fact
For any elDLw] ., trere exists k Si1.

BrveZr.]

Eapieitly, it Yo D, then 5" %o € Z
€or amy ’T?Qb

rousFy high de means Small

DP.P “" ( ,d e) - m"j""“q‘-"?- Highest lde’s P""N-ﬂ?sf
o S—

Let weDLu], The least denomi hator expanent-
OFf U is Fhe smellest k st vakueZLuw],
Jenroted by lde (v)

E x.

lde('/us) = s/nce = “7s =l ¢Z[,‘wj

e (Va + %) =2 since 3 (%+7z)=i+Bw €L
,t"\igh?’ lle /fma”l/ Ma,nz’4 ud e = l-l-?.'



Denominator {XPMPII‘/.S of vectoss

(lde of a vector)
et & be a vectar over DLl ldetd) is +hesmmllest
k .7 US*G is aveCtor over Z (w]

E v.

we([6]) = O
e (L= (neter ALT=HBD

IdP< r':::]) - ‘ (since J2 FZCW:I)

()=




Sin 9 le - q,ubf# 5; nthesrs

Armed with 4he |de, we can now tachle The
roblem o€ Single @uer+ synthesis over DLw].

o 2 /

fhat a Single-4ubit unitary canbe wittenas

'l
v=|a-€ o*
b o ‘a*

We FoCuS on The €.re+ Colamn €or fow, e, ﬁ’,’,yd,'y

Somé U,"'Uﬂ-[g] - [é:{

Recal

Lemma (ldoe-O-case)
ek u be a 2-dimensional unit veCtor over Zr,17

Then u =[%"1 or [2¢] for 5ome k20

The ifea is 1o use the ConStrarnis impo}'ﬂ(/ &y (lyll =]
Note that F U =Lv, w17,
lu %2 UUE + Us U™ = Ju ™ + IUqg ! ?
I4can be snown that i€ U = i +bw+ cw td, Then
IUI? = @7 76* +C%+d™ + (Cd+bc ta 4 ~da) i (important)

Since U2 =1, the VR parisof 14,17 2 (4a|? cancel. Nov,

q".,b'7+(-'7+d‘ €Z+ when 015101'" PZ; S0 o'ﬂy | of
v, & Ug Can bp hen-zero ~ ,.0. u=[b’] or [3_?.. Ivi*= | ?
Now, lV/Qz( =2 a*tb’+c %%z = only one entry IS ron-2t ro,
and in pacticelar vayk Osps7

Note: i€ u=[;’jq JAen XT-*Xu :BJ

q:[\fhj,\ 4+ Aen Xf“uzféj



J ihgle -qubrt covil.
Lemmag (lde - k- ('a-ﬂ') s weater constin

3m‘¥‘.r eS-.

LP?" v be o 2- 0’:Men$lo/ldly)<f veltor in D[:wj
with lde(u) > 0. Then there exisis a sgquerce of

HRT gates U,V s He(u'wu" v) < ldeCu).

(reducib | .'-1‘y)
For ths proof i4 will be helpful to define
recucibility (mod V3), We gay & veCter V in
0% is reducible g Y= VSV, Vin ZrwT:
Givln V= \l/'d‘o(“)d our _900/:'54-0 £ndl (j,...(jﬂ
st. Y, -Vyis recdpcible, SinCe
Ui "UkV'\"V"'\"'dm)ua'”uh“
0

loe(ud = |
VAN U k“{

Ex.
L e+ =‘,§[] and led v RU= [] Th en

=2 []= &[] o]



pfﬂé'p of 'de’k -Cqa Se

Let v= \IS'M“)U, so V hes entriosin Z [w].

we know (lvii= Il (/;""("’u I = -?M $or m>0.

Now i€ v=Lv, V..JTq +hen we know:
(O The vz-parts oF v1° 2 1val® canf|
S (v,12 =1 Val®mod 2

Votice that i€ V,ZVq med 2
heance Hv is recducible:

- L vtV L )
Hvzg [vived-g[3e]=0=v'

Qur 'mmed . ate _900/ is o “make™” \/,EVQ Mmool &Q.

Le+ Iv,.f:a thva, IVel=c+d i3 L @, bqCadl €2, By @qbare,
@ azl mod 2
@ C id mod

Case |: azb:czd 20 mod R
Let v, =awitagw ras” +, 50 a :0:9"‘49 "ﬂgq" 0(/Q
b= 2,62 g%+ %8y — 9,9

That @=bZ0 mod *Rtells us thet ether
o el of q; are even, se v, is reducible
@ all of a) are odd, s©
2V, (-2 V, = (Qa- %> + (9,70 (q,ra)w *(@ %)
v/
S VAN ~ X VAN A BV reduci b€

@on ly non-acbacent @;, @, aré odo). Theén

V.S w120 mod 2 o some k.
Since w'(1+i) = wivg, V= J2(Wh+ yaVv,'), hente v, s recuivle

So., both v, & Vg @re redurible gad the caSr /s £7pn;ched



[de - h-case conl.

Case 2 g2 Omod R, bid S[moed 2.

Lo1ding v, - @ w3+aew+Q ¥+ @y @9ain, we krow evenly mary 9,
are Odd. 8,95+ 93 * 39 ~ VW% = mad 2 +ells us +sat

V,§w"(l +w) med R for Some Kk
By 1the® Som€ OVQUMfﬂ* VQEW‘;("'W)MPB’Q. UDU\/
_)I/ =V, mod Q,

since T* vy T* v is redacisl p.
”\/,2 y!

Cose 3 asbscidzl mod

LP“Hl'np V,:G.w>4“,wq~ra,w+aq., we S P "qu"' on
odd number of q:%5 ere Odd. Aay Such ChoCe glves

7 impoSSible.



LDE-k-Case cont

Case 3: Q3Cz | mod 2, bLi0Omal
L et ho ”:Q,w?-fqow-?-ra;w-rqqo a=lmodd X 520mod
imply Thet an odd nuamber of q,’s @f ooV, Sso

k or w"(l+w+i) moo R

or WS(I rw4;) MmOd

v, Ew

- 4
VpZw’
I€ V,2whmodR & Vg

Szl wi)mod 2 & Vazwl(
so T’v is reducible

r
+hon V, = \VK-) \/.‘z ~mod 2,
Hod 3 & va=w (1w rdmod 2

Ew‘;MDJQ or
(+w +:) mD(JQ.,

Otherwise, WLOE v,=
L€+ l/":' V"’ wk-o-"VQ" V?l: V"Wk-”"\/q? so
v 2w+ W (1w med R o' S b W14 w#i) mod 2
E_wk(l*u4o'+w ) mod Ew“(“’W"H’w,)MNQ
z Srwtit w?mod 2

By +hP first case., v, 3 v ere ©14 redgerble and €

v,)2/Rv," 5 then
l+wri9 ws = [v-w))(aw’-fbw.f(v-'—d) P
S (b-dDw? +(CraIvis (d+5ow +(C- @) modl 2

So b-l'd SC+a E' MDdQ.' hence V'”f_w‘(l"‘v) mod=
V?“-':- n(‘ ,W)MDJQ

50 V."i "'"\unmodq" aﬂc’
- k-4 [viQ_. +7" 4 v.')_ gmh v,"!
_rn ﬂH T [Va]" T 3 [;?.] =T [an)]

- [
*VM.’.VQ”

MmN _"*
T™T* ) is redverdle



E)(G ('4 ’7"{[‘”,’

The hard part s over now
Lot S Stard with SinglP gubit ace

Thm

Let u be oyqnt vector in Dewd® Thea -,
£rom {H,T 3 sSuch +hat u«"'af.“;[o'J

be

By induction on de(u) uSing The previods Jwe leamas.

For the n-gubil case, we pxtend +h is fo a Colum [Gnew
UuS 9 +wo-level a)oo/a-l-prs ofhe form HA T

") )
TIW (column 10mma)

LP‘)‘ u be @ 4n+ vecdor in D[w_]d, Then there exisks
o seguence U Uy of dweo-level ded sates B £7;

surhthat U, -Upu= E’]

ff_

By indaction on Ide (w. I€ Ide(u)=0, +hen u,wke',)
So X 7;.,‘: - ,;7;:.! Hoy Tat,- su EFices.
IF We(u=k21, le4 vz d. Thea
K= VIR 1t r 4 [T

= v+ ¥ (V1350 med
Since Hor eny VI a+bV&, we Can™} have @bzl mal2,
there exidt ;,; 5. ;132 | v;|X mod 2. Use the Ide-H 1osma
with u=[Ui] and ceppat in pairs um;| every V. i3 Feducible,



Finishing the Y06

Recall tha+t all we need +o Synthesize o ver two-leve/

operator3 s @ Column lemma, 30 here"s wheye we are

Unidaries over [DLw]
\L Done.

TWP',PVP, {“q T) Maf/i(‘PS

J/s!; Il need +o NO
Cl/Llord + T

(DP(’om'oosﬁion of Hwo-lewl HE T)

gecall that any -l vl untary Con 6l dowmpesal

as a controlled gate and Totfb!is, i.e.

. — 1 ‘_—1—
T = -

— | F—a—d =

S/nee 1ho Tof¥ol! has o krowm Clififord + T

implemenigtion, we orly need contzllod- i and-T

—
—

tor @nirolled-T, note Fhat T S ﬁ"f“"/y C'OII'//bI/Pc/-WI.,

S =
o7 (02

A
For controlled -H, t=stHrixThs € 777 o

B * -soobmoe

?




( o, M'olpx i+ y qnalysl'}
T+ Yurns out +thet tns is DP'//mal for S/A,/e’v?/vb‘/ unta ses

For n-gvbt un tar/e3 however it produces very mefficient
CirCuiis,

Prop.

For an n—q/ubl")" metsriv U over @ijq The
Giles-Selineer elgorithm produres Cvouids of

size O(3 k) where k=lde(u)

Nete

l( | uchna kov Q0/3- .Syh"h@if of unaries with CliFL,d+1T
(erX;y:1306.3200)

reduced +his +o QY nk) uSing reflection operaiors.
(+hi8 is a really CoOl methal )

Other corrmwme S

NdeP/ - theoredic Characterization has
|od 40 SOm e othes InToresiing corregpombnces.
arlicular, +the (Paf#al) lat4/00 O'rS‘ab-n‘ng_g

DL.]
A 1+ S~
Dir1 OL]Y Dliv=1

1\
~p
o€ DL~ has smilarly bern chamcterizen:
cDLVE] 2 §X, X, CCX, H, CHY
oD S XX, CCX, H®H}
DL 2 § 30X, X, whh 5
*DLiva] 2 §X,X,(TX, Fxva3

Irp



Ra‘n9 round-of€ £ Grl’ol-syn‘ih

Since q circuit over ClFead+T CorrespordS precisely

40 @ unitary over [DE..«‘]1 wé Cen -,o,omx/mqf’w? u &
finding V with eniries in DL~] such that

|U-vil £e

Thic is Callod +he roand-o< problem  Ropss K Svlirger
(R0, arXiviI493.2977) famously gave eon P%('Ha/p[y

optmal algorth - for roanding o€ € R,(0) rotatins into
DLw], called Grid- synth.

Eﬂ- ( ROSS -sp 'i’!’ ”) (or@r\bﬂf‘f’f’oﬂ +T)
/4. N Ra ( ©) 9a+( con be apprximatal a’oh’mallv via

DL+ end exact Syhthesis giver @ Cactorins orade,
or with dypical length 3log, (V€ + O(log (log ( Y&d)).

P_ﬁ

V?"y €ar o#lsSide our SCop®...

The idea is +o Lind some u€DLw] in

anh € -rpg,’an o€ 1hre unit crrcle with minicel Ide

- k % seorrh /pg/m

This is Shown +o bé poly-iime enumesable¢ .
Thea, 1ry "o Lind +€DLw] sd. [."‘.] is @ 1t verbs;
rpq/a//f.s deinj - oliapl\an#nP@/qa-hbq I-HQ: |- [44/9




